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Abstract
We first study systems ofN Schwarzschild black holes in a time-symmetric spacelike hypersurface
with axial symmetry. Apparent horizons are found by numerically solving a non linear system of
3 coupled ODEs using Mathematica. The location of the apparent horizon is calculated in each
system in order to find the critical separation between the black holes that creates an encompassing
apparent horizon. A method for approximating the critical separations of N black holes by repre-
senting them as an effective system of two black holes is developed. Next, we study black hole
rings of different mass. The apparent horizon is used as an approximation to the event horizon in
an effort to predict a critical ring radius that generates an event horizon of toroidal topology. We
found that a good estimate for this ring radius is 20/(3pi)M.
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Chapter 1
Introduction
Numerical Relativity is a branch of General Relativity that focuses in the use of computational
methods to study black holes, gravitational waves and other phenomena predicted and governed
by Einstein’s equations. An important part of numerical relativity focuses on the study of apparent
horizons. If the null energy condition is satisfied and if the cosmic censorship conjecture holds
(the spacetime is globally hyperbolic and all singularities are hidden inside the black hole) then
an apparent horizon implies the existence of an event horizon exterior to it, and in the case of a
stationary black hole, coincident with it [1, page 221].
In this chapter we review basic definitions that will help us define and study apparent horizons
for systems of N black holes and black hole rings. We start with the definition of an event horizon
and continue with apparent horizons, the equations used to find them and a basic summary of the
algorithms used in this project to solve these equations.
Next we move on to systems of N Schwarschild black holes in a time-symmetric spacelike
hypersurface. The equations involved and the numerical methods used are presented and explained.
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Additionally, the relationship between a system of two black holes of different mass and systems
of N black holes with equal mass is explored.
In the third chapter we take advantage of the equations used for systems of N black holes
and adapt them to find the apparent horizon of black hole rings of different mass. This allows
us to confirm the results obtained by Galloway [9] regarding the spherical topology of apparent
horizons in stationary black holes spacetimes. Additionally, the apparent horizon is used as an
approximation to the event horizon and extrapolation is used to determine the size of the black
hole ring that would give rise to an event horizon of toroidal topology.
1.1 Definitions:
In an asymptotically flat spacetime the black hole region is a region from which no null curve
can reach future null infinity (I + ), the boundary of this region is the event horizon. Since the
black hole region only ceases to increase when no more matter falls into it, its boundary cannot
be determined until all interactions between the black hole and the surrounding matter are over.
This means that in order to find the event horizon one must complete a full simulation of the
evolution of the black hole. A more local structure such as an apparent horizon provides a way
to overcome this requirement. Since the existence of an apparent horizon is a necessary condition
for the existence of an event horizon and because an apparent horizon will always lie inside an
event horizon, these objects have become very useful in numerical relativity. In fact there are
certain algorithms that make use of “horizon pretracking”, more fully described in [14], or “black
hole excision techniques” [1, page 214], where the goal is to find the apparent horizons as soon as
2
they appear in a simulation in order to remove the singularity and measure the mass and angular
momentum of the balck hole .
Now, there are certain cases where the problem of finding the event horizon can be simplified.
For example when we are working in stationary, asymptotically flat spacetimes, the event horizon
is a null three surface H , tangent to one or more Killing vector fields of the full spacetime. These
types of horizons are formally known as Killing horizons. On the other hand, If the Killing vector
field is not of the full spacetime, but rather of some neighbourhood of the null three surface H, then
the Killing Horizon does not coincide with the event horizon, but it is close to it [4].
Still, apparent horizons are, for the most part, the best way to locate a black hole. But before
defining what exactly is an apparent horizon we need to define first a trapped surface. Booth
describes for Kerr-Newman black holes the trapped surface as a closed two-surface S with the
property that all null geodesics that are normal to the surface and are pointing forward in time have
negative expansion everywhere [4]:
θ(l) = qab∇alb < 0 and θ(n) = qab∇anb < 0 (1.1)
Here qab = gab+ lanb+ lbna is the two metric induced on S and la , na are the outward, inward
pointing null directions with l · n = −1.
Then, given a spacetime that can be foliated into hypersurfaces Σt, a point q ∈ Σt is said to be
trapped if it lies on a trapped surface of Σt. An apparent horizon is the boundary of the union of all
trapped points. When this boundary is differentiable, the apparent horizon is a marginally outer
trapped surface, MOT ( θ(l) = 0). In other words, the apparent horizon is a trapped surface in
which light rays have zero expansion in the null directions that are normal to the surface. It is this
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definition of an apparent horizon that has helped develop algorithms to find it. The one used in this
project is based on the description of ” shooting algorithms in axisymmetry” by Thornburg [14]
and Bishop [2], [3].
In the process of finding apparent horizons for systems of N black holes, we find that there is
a certain distance between black holes that creates a common apparent horizon. We will refer to
this distance as the critical separation ac. For example, if two black holes are at a distance ac or
less from each other then a common apparent horizon will form between them. On the other hand,
if the two black holes are at a distance greater than ac then two apparent horizon will form, each
surrounding one of the two black holes.
1.2 Motivation
As mentioned before, the event horizon represents the true boundary of the black hole. However,
in order to find it we need to know which outgoing null rays escape to infinity and which ones do
not. They only way to achieve this is by knowing the entire history of the spacetime. This requires
a complete simulation of the evolution of the black hole. That is why locating the apparent horizon
is so important in Numerical Relativity. It represents a local boundary for the black hole region and
provides physical information about the black hole such as mass and angular momentum. They are
also used in numerical simulations to locate the black holes so that black hole excision techniques
can be used. It is for these reasons that we have focused our research in apparent horizons.
On the other hand, during the past few years system of three black holes have been studied
[7, 8, 11, 12]. Moreover, the good probability of finding systems of three or even more black
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holes [10] in globular clusters has motivated us to consider methods for the general case of N
black holes. As a starting point for more in depth future research we have restricted ourselves to
the stationary axisymmetric case.
As an extension to the methods developed in the the study of N black holes we have also
consider black hole rings. The papers by Shapiro and Teukolsky [13] proving the existence of
toroidal event horizons in rotating clusters of toroidal configuration motivated us to study these
black hole rings. In this case we have considered the apparent horizon as an approximation to the
event horizon. The effects of changing the mass of the black hole ring on the shape of the apparent
horizon are studied. The results were tabulated in order to make a prediction about of topology of
the event horizon.
1.3 Finding Apparent Horizons
The problem of finding an apparent horizon assuming an axisymmetric spacetime can be reduced
to solving a non linear boundary value problem, as described in the following paragraphs. Then
a numerical method can be used to solve this boundary value problem. The following derivation
of the equations needed to find an apparent horizon in an axisymmetric case is a summary of the
methods described in [1, pages 221-226], and can be found there in more detail.
Consider a spacetime manifold M with metric gαβ and a spacelike hypersurface Σ in this
manifold. Let γij be the induced metric on the hypersurface Σ and Kij be the extrinsic curvature.
Here is worth mentioning the distinction between intrinsic curvature and extrinsic curvature. The
intrinsic curvature of a hypersurface comes from its internal geometry and is given by the three
5
dimensional Reimann tensor defined in terms of the metric γij . The extrinsic curvature on the other
hand is associated with the way these hypersurfaces are embedded in spacetime. It describes how
the normal vector to the surfaces changes as its parallel transported from one point to the other.
This change is described by the extrinsic curvature tensor Kij [1] 69.
In this hypersurface consider a smooth 2D surface S embedded in it with a unit outward point-
ing normal vector nµ. Then the expansion, θ, of null rays which are moving in the nµ direction of
S is given by:
θ = ∇ini +Kijninj +K (1.2)
Where K is the trace of the extrinsic curvature Kij and ∇i is the covariant derivative with
respect to the metric γij . As mentioned before the apparent horizon is a marginally trapped surface
therefore it will be the surface for which θ = 0.
If the surface is parametrized by a level set (a surface for which the time coordinate is a
constant) :
F (xi) = 0 (1.3)
Then the normal vector to this surface is just the gradient of F:
ni =
∇iF
|∇F | (1.4)
Plugging equation 1.4 into equation 1.2 we obtain the following:
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θ =
γij∇iF∇jF
|∇F | −
∇iF∇jF∇i∇jF
|∇F |3 +Kij
∇iF∇j
|∇F |2 +K (1.5)
Then the level set curve that satisfies θ = 0 would be the apparent horizon. In the case of
axisymmetric space, which is the case we are considering, the level surface can be expressed as:
F (r, φ) = r − h(φ) (1.6)
This parameterization implies that we are considering apparent horizons which have a center
and rays leaving this center will intersect the apparent horizon only once. In other words the
parameterization assumes that the apparent horizon has a spherical topology. Another assumption
is that the apparent horizon must be a smooth surface. This assumption suggests that when φ = 0
and φ = pi we have ∂φh = 0
In his papers [2], [3] Bishop assumes that the extrinsic curvature Kij is zero. This simplifica-
tion can be done because we are working in a time symmetric hypersurface and so the black holes
are not moving in this time slice. Hence the equation for the expansion reduces to:
θ = ∇ini (1.7)
This implies that under these conditions the apparent horizon is an extremal (minimal) surface.
Hence, it is possible to find the apparent horizon by finding a surface in Σ of minimal area. This
method is described in the next chapter.
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Chapter 2
Systems of N black holes
This chapter is concerned with finding the apparent horizon for systems of N black holes. First
a system of two black holes of different mass is analyzed. A table relating the mass ratio of the
two black holes and their critical separation is reproduced. Then systems of three, four and five
black holes are considered. These systems are treated as if they contained only two black holes by
grouping the black holes adequately. The table is then used to make a prediction about the location
of the apparent horizon of these systems. These predictions are then compared to the actual loca-
tion of the apparent horizon obtained using Bishops equations [2]. Finally a method for finding an
approximation of the apparent horizon of a system of N black holes, by representing it as a system
of two black holes of different mass, is developed.
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2.1 Equations
The equations used to find the apparent horizon are presented in references [13], [2] and [3]. A
summary of the method is given here. It was assumed that the spacelike slice is a time-symmetric
hypersurface with axial symmetry. In cylindrical coordinates the hypersurface has the following
metric:
ds2 = Ψ4(dρ2 + ρ2dθ2 + dz2) (2.1)
Assuming G=c=1 and with:
Ψ = 1 +
∑
i
mi
2Ri
(2.2)
Here Ri = r− ri is the difference between a reference point r = (ρ, z) and the location of the
ith black hole ri = (ρi, zi).
As mentioned in the introduction the apparent horizon is a marginally outer trapped surface.
Given the assumption that we are working in a time symmetric hypersurface (the black holes are
not moving in this time slice) this implies that the intrinsic curvature Kij = 0. Hence the equation
for the expansion of null rays normal to the surface is:
θ = ∇ini (2.3)
This implies that for this particular case finding marginally trapped surfaces is equal to finding
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extremal surfaces. Since extremal surfaces have minimal area we are looking to minimize the
following:
λ =
∫
2piρΨ2[Ψ4dz2 + Ψ4dρ2]1/2 (2.4)
This can be rewritten as:
λ =
∫
2piρΨ2[Ψ4
(
dz
dσ
)2
+ Ψ4
(
dρ
dσ
)2
]1/2dσ (2.5)
After the following transformation Q = ρΨ4 we obtain:
λ =
∫
2pi[Q2
(
dz
dσ
)2
+Q2
(
dρ
dσ
)2
]1/2dσ (2.6)
Letting
d
dσ
= ˙ so that L = (Q2z˙2 +Q2ρ˙2)1/2, we can use Euler-Lagrange equation:
Lz =
d
dσ
[Lz˙]
1
L
QQ,z (z˙
2 + ρ˙2) =
d
dσ
[
1
L
Q2z˙
]
(2.7)
Note that
1
L
=
dσ
dλ
. Multiplying equation 2.7 by
dσ
dλ
gives:
dσ
dλ
[
1
L
QQ,z
[(
dz
dσ
)2
+
(
dρ
dσ
)2]]
=
dσ
dλ
[
d
dσ
[
1
L
Q2
dz
dσ
]]
(
dσ
dλ
)2
QQ,z
[(
dz
dσ
)2
+
(
dρ
dσ
)2]
=
d
dλ
[
Q2
dz
dλ
]
QQ,z
[(
dz
dλ
)2
+
(
dρ
dλ
)2]
=
d
dλ
[
Q2
dz
dλ
]
(2.8)
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Written in a different way:
QQ,z
[
z˙2 + ρ˙2
]
=
[
Q2z˙
]
˙
QQ,z
[
z˙2 + ρ˙2
]
= 2Q(Q,z z˙ +Q,ρ ρ˙)z˙ +Q
2z¨ (2.9)
Which gives the following equation:
Qz¨ +Q,z (z˙
2 + ρ˙2) + 2Q,ρ z˙ρ˙ = 0 (2.10)
In a similar way the second Euler-Lagrange equation:
Lρ =
d
dσ
[Lρ˙] (2.11)
gives the following:
Qρ¨+ 2Q,z z˙ρ˙+Q,ρ (ρ˙
2 − z˙2) = 0 (2.12)
Note also that the metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2 (2.13)
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
(2.14)
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane [3]. With
this new representation the geodesic equations (2.11, 2.12) can be summarized as a system of three
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ordinary differential equations. These equations, when solved numerically, describe the path of
light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
(2.15)
dzρ2
dλ
=
ρ cosα + 2z sinα
Ψ4
(2.16)
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
) (2.17)
(2.18)
z
Studying the relation between the N o of black holes and their critical separation 3
The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved using Mathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
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Figure 2.1: Boundary Conditions for a system of N black holes
Marginally outer-trapped surfaces are represented by those rays that start perpendicularly and
end perpendicularly to the z axis. This means: ρ(0) = 0ρ(λf ) = 0 and z˙(0) = z˙(λf ) = 0. Where
λf represents the value of the parameter λ when the ray returns to the z axis.
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2.2 Numerical Methods
The system of three ordinary differential equations was solved using Mathematica (for a complete
description of the code see Appendix B). To improve speed, the equations were rewritten using the
following transformations:
A = ρ2, B = zρ2, C = αρ2 (2.19)
Which gives the following system of equations:
dA
dλ
=
2 sin (C
A
)
Ψ4
(2.20)
dB
dλ
=
cos (C
A
)
√
A
Ψ4
+
2B
A
sin (C
A
)
Ψ4
(2.21)
dC
dλ
=
cos (C
A
)
Ψ4
(1 + 4
Ψ, ρ
Ψ
√
A) +
sin (C
A
)
Ψ4
(2
C
A
− 4Ψ, z
Ψ
√
A) (2.22)
(2.23)
With initial conditions:
A(0) = 0, B(0) = 0, C(0) = 0 (2.24)
In order to avoid division by zero, due to the initial conditions z(0) = zo and ρ(0) = 0, a taylor
expansion was used to rewrite the initial conditions for the new variables A,B,C .
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A(0) = 2λo, B(0) = 2λozo, C(0) = piλo (2.25)
With λo = 10−12.
2.3 Procedures
When the total mass of the system is distributed so that each black hole has the same mass, the
MOTS are symmetric with respect to the ρ axis. This means that at z = 0 the derivative of ρ
with respect to λ is zero (ρ˙ = 0) and a numerical method, such as the Bisection Method, can be
used to determine the correct initial condition zo that describes a MOTS (marginally outer trapped
surface). If ρ˙|z=0 6= 0, then it can be concluded that there are no MOTS for the given conditions.
In the case of two black holes of different mass the above mentioned method for finding the
MOTS and apparent horizon does not apply. Since the objective is to find the critical separation the
method implemented by Bishop [3] can be used. Bishop found that there are four different MOTS
in a system of two black holes (figure 2.2). To find the critical distance the black holes are moved
farther apart until the two MOTS that surround both holes are joined together. When this happens,
the critical separation has been found.
For systems of three black holes distributed in a symmetrical manner along the z axis, the
critical separation is found by moving the outermost black holes farther away from the origin until
no outermost MOTS is found.
In the case were the system has four black holes there are two distances that need to be taken
14
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The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved using Mathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
Figure 2.2: MOTS and Apparent Horizon for a system of two Black Holes
a
Figure 2.3: System of three Black Holes
into consideration. The distance between the inner black holes, defined here as a, and the distance
between the outermost and inner black hole, defined here as b (figure 2.4). In this case the critical
values a and b are found by first finding the position of the outermost black holes that is farthest
away from the origin (fmax = a/2 + b) and then moving the inner black holes farther away until
the largest value for a is found with its corresponding value for b.
The same method is used for a system of five black holes. The variable a is now defined as the
distance between the black hole located at the origin and either of the adjacent black holes, which
are here referred to as inner black holes. The distance between the inner and outermost black hole
is defined as b (figure 2.5). Finding the critical separation is similar to the previous case of four
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ba
Figure 2.4: System of four Black Holes
ba
Figure 2.5: System of five Black Holes
black holes, but now fmax = a+ b.
Procedure
• System of 3 Black Holes represented as a 
system of 2 Black Holes
(3/2) a
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The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
Studying the relation between the N o of black holes and their critical separation 5
Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to determine the correct initial condition
zo that describes a MOTS. If ρ˙|z=0 != 0, then it can be concluded that there are no
MOTS for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there are four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a symmetrical manner along the z axis,
the critical separation is found by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
Figure 2.6: Three black holes represented as two black holes with a mass ratio of 2:1
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For comparative reasons the black holes in each system are hypothetically grouped together in
order to model the system as a two black hole system. This means that the black holes are assumed
to be grouped in such a way that they would form two clusters. For example, in a system of three
black holes we can put two black holes together and leave the third one by itself. This grouping
results in a system of two black holes with a mass ratio of 2 : 1 and a critical separation ac = 1.5a
(figure 2.6).
(8b+4a)/6
Procedures
• System of 4 Black Holes compared to a 2 Black 
hole system
a + b
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The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
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Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to determine the correct initial condition
zo that describes a MOTS. If ρ˙|z=0 != 0, then it can be concluded that there are no
MOTS for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there are four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a symmetrical manner along the z axis,
the critical separation is found by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
Studying the relation between the N o of black holes and their critical separation 3
he metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization f z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
Studying the relation between the N o of black holes and their critical separation 5
Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to etermine the correct initial conditi n
zo that describes MOTS. If ρ˙|z=0 != 0, then it can be concluded t at there are no
MO S for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there re four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a sy metrical manner along the z axis,
the critical separation is fou d by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
Figure 2.7: Four black holes represented as two black holes with a mass ratio of 1:1
The system of four black holes has two representations, one as a system of two black holes
with a mass ratio 1 : 1 and a critical separation equal to ac = a + b (figure 2.7), and a second one
as a system of two black holes with a mass ratio of 3 : 1 and a critical separation of ac =
4a+ 8b
6
(figure 2.8).
Finally the system of five black holes is represented as a system of two black holes with a mass
ratio 3 : 2 and a critical separation equal to ac = 56(2a+ b) (figure 2.9) and as a system with a mass
ratio 4 : 1 and a critical separation equal to ac = 54(a+ b) (figure 2.10).
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The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
Studying the relation between the N o of black holes and their critical separation 5
Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to determine the correct initial condition
zo that describes a MOTS. If ρ˙|z=0 != 0, then it can be concluded that there are no
MOTS for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there are four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a symmetrical manner along the z axis,
the critical separation is found by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
Studying the relation between the N o of black holes and their critical separation 3
he metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization f z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
Studying the relation between the N o of black holes and their critical separation 5
Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to etermine the correct initial conditi n
zo that describes MOTS. If ρ˙|z=0 != 0, then it can be concluded t at there are no
MO S for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there re four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a sy metrical manner along the z axis,
the critical separation is fou d by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
Figure 2.8: Four black holes represented as two black holes with mass ratio of 3:1
(5/6) ( 2a + b)
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a system of 2 Black Holes.
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Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to determine the correct initial condition
zo that describes a MOTS. If ρ˙|z=0 != 0, then it can be concluded that there are no
MOTS for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there are four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a symmetrical manner along the z axis,
the critical separation is found by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
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The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
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Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2 (5/4) ( a + b)
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Proce ure
When the total mass of the syste is distributed so that e h lack holes has the
same mass, the MOTS are symme ric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection M thod, can be used to determin the correct initial condition
zo that descr bes a MOTS. If ρ˙|z=0 != 0, then it can be concluded that there are no
MOTS for the given conditions.
In the case of two black holes f different mass the above mentioned meth d for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there are four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a symmetrical manner along the z axis,
the critical separation is found by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
Studying the relation between the N o of black holes and their critical separation 3
e metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization f z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
Figure 2.9: Five black holes represented as two black holes with a mass ratio of 3:2
2.4 Results
In the case of a two black holes with different mass the method described in [3] was implemented
to relate the mass ratio of the two black holes to the critical separation between them (table 2.1 and
figure 2.11). The table was used to predict the critical separation for systems of N black holes. To
do this the systems of N black holes was first represented as systems of two black holes. Then
an equation for the critical separation was obtained in terms of a and b (see figures 2.6 2.7 2.8 2.9
and 2.10). Recall that depending on the representation used, each system has a specific mass ratio.
Table 2.1 was used along with this ratio to find the critical separation that corresponds to each case.
This value was then set equal to the equations for the critical separation and solved for a and b.
18
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Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to determine the correct initial condition
zo that describes a MOTS. If ρ˙|z=0 != 0, then it can be concluded that there are no
MOTS for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there are four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a symmetrical manner along the z axis,
the critical separation is found by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
Studying the relation between the N o of black holes and their critical separation 3
The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2 (5/4) ( a + b)
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Procedures
When the total mass of the system is distributed so that each black holes has the
same mass, the MOTS are symmetric with respect to the ρ axis. This means that at
z = 0 the derivative of ρ with respect to λ is zero (ρ˙ = 0) and a numerical method,
such as the Bisection Method, can be used to determine the correct initial condition
zo that describes a MOTS. If ρ˙|z=0 != 0, then it can be concluded that there are no
MOTS for the given conditions.
In the case of two black holes of different mass the above mentioned method for
finding the MOTS and apparent horizon does not apply. Since the objective is to find
the critical separation the method implemented by Bishop in [4] can be used. Bishop
found that there are four different MOTS in a system of two black holes (See figure
3). To find the critical distance the black holes are moved farther apart until the two
MOTS that surround both holes are joined together. When this happens, the critical
separation has been found.
For systems of 3 black holes distributed in a symmetrical manner along the z axis,
the critical separation is found by moving the outermost black holes farther away
from the origin until no outermost MOTS is found.
In the case were the system has 4 black holes there are two distances that need
to be taken into consideration. The distance between the inner black holes, which is
here called a, and the distance between the outermost and inner black hole, which is
here called b (See figure 1). In this case the critical values a and b are found by first
finding the position of the outermost black holes that is farthest away from the origin
(fmax = a/2+ b) and then moving the inner black holes farther away until the largest
value for a is found with its corresponding value for b.
Figure 1: System of 4 Black Holes
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Numerical Methods
The system of three ordinary differential equations was solved usingMathematica.
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A = ρ2, B = zρ2, C = αρ2
Figure 2.10: Five black holes represented as two black holes with a mass ra io of 4:1
Mass M2 Critical Separation ac ac Normalized by total mass
1.0 1.531 0.7655
0.9 1.454 0.7653
0.8 1.375 0.7639
0.7 1.291 0.7594
0.6 1.208 0.7550
0.5 1.119 0.7460
0.4 1.026 0.7329
0.3 0.926 0.7123
0.2 0.816 0.6800
0.1 0.689 0.6264
Table 2.1: Two black holes of different mass (M1 = 1 )
In the case of N = 3 the mass ratio was 1 : 2 and the critical separation normalized by mass
was
ac
3
=
(
3a
2
)(
1
3
)
= 0.746 (see figure 2.6). Then:
(
3a
2
)(
1
3
)
= 0.7460
a = 1.492
In the case of N = 4 we can create two equations:
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Figure 2.11: Plot of Critical separation normalized by mass vs. Mass of 2nd Black Hole
a+ b
4
= 0.7655 Mass ratio 1:1
8b+ 4a
24
= 0.7203 Mass ratio 1:3
Solving for a and b gives a = 1.8022 and b = 1.2598. Finally in the case of N = 5 we
obtained:
2a+ b
6
= 0.7582 Mass ratio 2:3
a+ b
4
= 0.6982 Mass ratio 1:4
Solving for a and b gives a = 1.7564 and b = 1.0364.
The following table shows the results obtained for the critical separations a and b for systems
of two, three, four and five black holes using the method described previously.
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N o Black Holes a b
2 1.531 –
3 1.528 –
4 1.340 1.609
5 1.370 1.650
Table 2.2: Critical Separations a and b for two, three, four and five black holes
Comparing these results to the ones predicted by table 2.1 gives the following errors:
N o Black Holes Numerical a Predicted a Error Numerical b Predicted b Error
3 1.528 1.492 2.36% – – –
4 1.340 1.802 34.49% 1.609 1.260 21.70%
5 1.370 1.756 28.20% 1.650 1.036 37.19 %
Table 2.3: Critical separations: Comparison between numerical results and predicted results
Were:
Error =
100
Numerical a
(|Numerical a− Predicted a|)
2.5 Discussion
Note that these values are close to the ones predicted by table 2.1 and can provide a good first
guess for finding the critical separations of system of N black holes. Although the percentage
error might seem large, when presented with the situation of making a preliminary estimate for
the values for these critical separations in a system of N black holes, which is useful information
when determining the location of the apparent horizon, any estimate that is 20% or 30% of the
actual value is reasonable.
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This method can be extended to predict the location of the apparent horizon for a system of N
black holes symmetrically distributed by following the these steps:
1. Count the number of critical separations ai. If N is odd then the number of critical separa-
tions, M , is
N − 1
2
and if N is even then the number of critical separations is
N
2
.
2. Establish all the possible distinct groupings of the N black holes that would simulate a
system of two black holes. The number of groupings should be equal to the number of
critical separations M .
3. For each grouping determine the location of the center of mass for the two clusters. Let r1
(r2) be the distance between the axis of symmetry and the center of mass of the left cluster
(right cluster).
4. For each grouping find the mass ratio of the two clusters and using table 2.1 interpolate the
critical separation ac that corresponds to that mass ratio.
5. Solve the system of equations given by r1 + r2 = ac to find the values of all critical separa-
tions a1 · · · aM .
By analyzing a system of two black holes we have been able to predict the critical separations
for system of multiple black holes. We have developed a method that provides an adequate first
approximation of these critical separations and that if applied can significantly reduce the time
needed to find the apparent horizon by telling us if we should be looking for a common apparent
horizon that engulfs all black holes, or if we should be looking for individual apparent horizons
surrounding each body.
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Chapter 3
Black hole ring
The Motivation for studying black hole rings comes from computational results from Shapiro et. all
[13] in which the collapse of a rotating toroidal configuration of collsionless particles to Kerr black
holes gives rise initially to an event horizon with toroidal topology. The event horizon eventually
becomes topologically spherical. In this paper they explain that there is no violation of topological
censorship since when the toroidal horizon forms the points in the inner rim of the torus (the whole
of the torus) are spacelike. This implies that the hole closes up faster than the speed of light.
Their analysis begins with a two dimensional surface which has the topology of an oblate
spheroid. This surface will eventually represent the event horizon after the black hole has reached
its equilibrium state. They trace back the light rays emanating in the normal direction inward to the
surface. The boundary of the spacetime points in the casual past of this surface will be generated
by the set of light rays emanating from the surface that cross other light rays or that focus to a point
(that form a caustic). They further explain that in this case, where the initial surface is an oblate
spheroid, the rays that focus to a point will cross other light rays before they form a caustic. So
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in essence the boundary of the casual past of this surface is represented by the spacelike surface
where all rays cross (the crossover surface X). They have shown that this surface X has toroidal
topology.
They further explain that once the black hole has reached its equilibrium state and the event
horizon has its full complement of generators then this horizon will have spherical topology
(namely the oblate spheroid represented by the above mentioned surface) agreeing with theorems
developed by Galloway and Browdy [5] [9].
What we want to do is use the apparent horizon as an approximation to the event horizon. We
will apply the previous method used for finding the apparent horizon for systems of N black holes
to the case of a black hole ring.This will allow us to find a specific mass of the black hole ring that
allows the formation of such toroidal event horizon.
3.1 Equations
To adapt the equations developed by Bishop [2] and used in chapter 1, we first need to develop a
new conformal factor that takes into account the new circular shape of the black hole. To do so
recall that the conformal factor is given by:
Ψ = 1 +
∑
i
mi
2Ri
(3.1)
Where Ri = r − ri is the difference between a reference point r = (ρ, z) and the location of
the ith black hole ri = (ρi, zi).
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Consider a ring in the z = 0 plane of radius ρ = ρo, then the distance in cylindrical coordinates
between any point in space (ρ, ϕ, z) and the ring is given by S:
S2 = z2 + (ρ cosϕ− ρo cos θ)2 + (ρ sinϕ− ρo sin θ)2 (3.2)
Simplifying this expression we get:
S2 = z2 + ρ2 + ρ2o − 2ρρo cos (θ − ϕ) (3.3)
Then the conformal factor for the metric is given by:
Ψ = 1 +
∫ 2pi
0
M
2
√
S
dφ , φ = θ − ϕ (3.4)
Here M is the mass of the black hole ring.
Note that if the following conditions hold:
Re[z2 + (ρ− ρo)2] > 0
Re[z2 + (ρ+ ρo)
2] > 0∣∣∣∣Re [z2 + ρ2 + ρ2oρρo
]∣∣∣∣ ≥ 2 or z2 + ρ2 + ρ2oρρo ∈ C (3.5)
then:
Ψ = 1 +
M
2
2EllipticK[
−4ρρo
z2 + (ρ− ρo)2 ]√
z2 + (ρ− ρo)2
+
2EllipticK[
4ρρo
z2 + (ρ+ ρo)2
]√
z2 + (ρ+ ρo)2
 (3.6)
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In Mathematica the EllipticK function 1 is defined in such a way that its Taylor expansion
around x = 0 gives:
pi
2
+
pix
8
+
9pix2
128
+
25pix3
512
+
1225pix4
32768
+
3969pix5
131072
+
53361pix6
2097152
+
184041pix7
8388608
+O[x]8
On the other hand if:
Im
[
z2 + ρ2 + ρ2o
ρρo
]
= 0 and
∣∣∣∣Re [z2 + ρ2 + ρ2oρρo
]∣∣∣∣ < 2
or Re
[
z2 + (ρ− ρo)2
] ≤ 0
or Re
[
z2 + (ρ+ ρo)
2
] ≤ 0 (3.7)
then the integral in equation 3.4 can be performed. However, these last conditions will never
hold since z, ρ and ρo are real numbers. A plot of the function:
f =
z2 + ρ2 + ρ2o
ρρo
(3.8)
rewritten using Z =
z
ρ
and p =
ρo
ρ
1In Maple the EllipticK function is defined in a different way. The Taylor expansion in this program is given by:
pi
2
+
pix2
8
+
9pix4
128
+
25pix6
512
+
1225pix8
32768
+
3969pix10
131072
+
53361pix12
2097152
+
184041pix14
8388608
+O[x]16
This gives the following approximation for the equation of the conformal factor:
Ψ = 1 +
M
2
4
√
z2+(ρ−ρo)2
z2+(ρ+ρ0)
EllipticK
(
2
√
ρρ0
z2+(ρ+ρo)2
)
√
z2 + (ρ− ρo)2

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f =
Z2 + p2 + 1
p
(3.9)
Shows that the expression
∣∣∣Re [ z2+ρ2+ρ2oρρo ]∣∣∣ < 2 will never hold:
Out[14]=
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Figure 3.1: Plot to show
∣∣∣Re [ z2+ρ2+ρ2oρρo ]∣∣∣ 6< 2
Hence the conformal factor Ψ should be represented as in equation 3.6. Used in conjunction
with Bishops equations 2.18 we are able to find apparent horizons for black hole rings.
3.2 Procedures
To find the apparent horizon, we again use equations 2.23 and we start with the following initial
conditions :
A(0) = ρo, B(0) = 0, α(0) = 0 (3.10)
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Figure 3.1: Plot of equation 3.9 revealing the non integrability of conformal factor
Hence the conformal factor Ψ should be represented as in equation 3.6. Used in con-
junction with Bishops equations 2.18 we are able to find apparent horizons for black hole
rings.
3.2 Procedures
To find the apparent horizon, we again use equations 2.23 and we start with the following
initial conditions :
A(0) = ρo, B(0) = 0, α(0) = 0 (3.10)
These initial conditions represent rays leaving perpendicularly to the ρ-axis (
ρ˙(0) = 0) at the location ρ(0) = ρo. We are interested in the rays that arrive perpendic-
ularly to the z-axis since these rays will fulfill the boundary condition
z˙(λf ) = 0 ρ(λf ) = 0 and therefore they will represent the marginally outer trapped surface.
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Figure 3.2: First set of boundary conditions for a black hole ring
These initial conditions represent rays leaving perpendicular to the ρ-axis ( ρ˙(0) = 0) at the
location ρ(0) = ρo. We are interested in the rays that arrive perpendicular to the z-axis since these
rays will fulfill the boundary condition z˙(λf ) = 0 (where λf represents the value of the parameter
λ when the ray returns to the z-axis) and therefore they will represent the marginally outer trapped
surface. Unfortunately choosing to work in cylindrical coordinates to account for the cylindrical
symmetry does not allow these rays to cross the z-axis and consequently we are not able to use
of the Bisection method to locate them accurately. We therefore choose to use a visual method to
find them. Since rays that are in the marginally outer trapped surface never leave the surface, this
means that these rays will retrace their steps if the code is left to run for a long enough time. Hence
we identify the apparent horizon with these rays.
Once this first approximation is obtained a new integration is performed, this time using the
same boundary conditions that we used for finding the marginally trapped surfaces in the case of a
system of N black holes:
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A(0) = 0, B(0) = 0, C(0) = 0 (3.11)
Which need the same Taylor expansion as before, to avoid division by zero:
A(0) = 2λo, B(0) = 2λoz0, C(0) = piλo (3.12)
z
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The metric gives a first integral :
z˙2 + ρ˙2 = (ρΨ4)−2
This allows the following parameterization for z and ρ in terms of λ.
dz
dλ
=
cosα
ρΨ4
,
dρ
dλ
=
sinα
ρΨ4
Here α represents the direction of the trajectory of a ray moving in the (ρ, z) plane
[4]. With this new representation the geodesic equations can be summarized as a sys-
tem of three ordinary differential equations. This equations when solved numerically
describe the path of light rays moving in the hypersurface:
dρ2
dλ
=
2 sinα
Ψ4
dzρ2
dλ
=
ρ cosα+ 2z sinα
Ψ4
dαρ2
dλ
=
cosα
Ψ4
(1 + 4ρ
Ψ, ρ
Ψ
) +
sinα
Ψ4
(2α− 4ρΨ, z
Ψ
)
Marginally outer-trapped surfaces are represented by those rays that start per-
pendicularly and end perpendicularly to the z axis.This means: ρ(0) = ρ(λf ) = 0 and
z˙(0) = z˙(λf ) = 0. Where λf represents the value of the parameter λ when the ray
returns to the z axis.
Numerical Methods
The system of three ordinary differential equations was solved using Mathematica.
To improve speed, the equations were rewritten using the following transformations:
A = ρ2, B = zρ2, C = αρ2
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Figure 3.3: Second set of boundary conditions for a black hole ring
The point z(λf ) in our first approximation, where the ray reaches the z-axis perpendicularly, is
going to be the starting point for our second approximation. Now we can use the Bisection method
to find the apparent horizon. This means that we are looking for rays that fulfill ρ˙ = 0 at z 0.
3.3 Results
We present the some of the results obtained for the location of the apparent horizon of a ring
singularity of radius 1 in figure 3.3, the rest are presented in appendix A. The graphs show that
as the mass decreases the apparent horizon becomes compressed along the z-axis, consistent with
the results observed in Shapiro’s and Teukolsky’s paper [13], where they find a final event horizon
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Mass M C1 C2 C1/C2
1.0pi 6.226 6.311 0.987
0.8pi 4.955 5.062 0.979
0.6pi 3.674 3.816 0.9623
0.5pi 3.026 3.197 0.946
0.4pi 2.367 2.581 0.917
0.3pi 1.683 1.972 0.853
0.25pi 1.320 1.670 0.790
0.2pi 0.917 1.369 0.670
0.19pi 0.825 1.307 0.631
0.18pi 0.724 1.243 0.582
0.17pi 0.604 1.174 0.514
0.165pi 0.523 1.132 0.462
0.163pi 0.478 1.110 0.430
Table 3.1: Results used for Extrapolation (Radius of black hole ring is 1)
with the topology of an oblate spheroid. This results are better represented in table 3.1, which
shows the values obtained for the minor radius of the apparent horizons C1, their major radius C2
and the ratio C1/C2.
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Figure 3.4: Plot of axis ratio C1/C2 as a function of mass M/pi
30
This table allowed us to establish a relation between the ratio C1/C2 and the mass of the black
hole ring. A plot of C1/C2 versus mass M/pi is shown in figure 3.4. Note how sharply the ratio
decreases once the mass of the black hole ring is less than M = 0.2pi. Using the interpolation
function from Mathematica we found that the mass that returns a ratio C1/C2 = 0 is M = 0.15pi.
Since there is an inverse relation between the mass and radius of the ring, we can thus predict a
critical radius that will produce a toroidal event horizon using the value we obtained for the mass.
That is the critical radius is R = 1/(0.15pi) = 20/(3pi).
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
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(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a un t.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What ar the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
a f ab+ ba = 1 and a3 = a, show that a2 = 1.
b If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
2
Figure 3.5: Apparent Horizon for masses m = 0.17, 0.18, 0.19, 0.20
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3.4 Discussion
The main goal of this section was to develop a method for predicting the size of a black hole
ring that would give rise to an event horizon of toroidal topology. This was accomplished by
deducing the conformal factor for a black hole ring and adapting the equations found in [2] [3]
accordingly. The key argument here is that even though an apparent horizon can never have toroidal
topology we can still use it to approximate the event horizon of black hole rings that have spherical
topology. The apparent horizon will follow the shape of the event horizon up until it becomes
toroidal. So the information we gathered, using the apparent horizon as an approximation to the
event horizon, was then used to extrapolate the value of the ring’s mass that gives rise to a toroidal
event horizon. The results suggest that when the ring singularity has a mass of M = 1 and a radius
R = 20/(3pi) ≈ 2.12 (or equivalently when the ring has a mass of M = 0.15pi and a radius of
R = 1) the event horizon would have toroidal topology.
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Chapter 4
Conclusion
As mentioned in the introduction apparent horizons are important in numerical relativity because
they provide a quasilocal boundary for the black hole region. For instance, they are used in nu-
merical simulations to locate the black holes so that black hole excision techniques can be used.
They also provide physical information about the black holes such as mass and angular momen-
tum. With this in mind and considering that recent full numerical research has focused on systems
of three black holes, as well as the astrophysical possibility of systems of three and four black
holes in globular clusters [10], we have focused our attention on gaining a better understanding of
systems of N black holes.
To begin this analysis we focused on a time- symmetric spacelike hypersurface with the pur-
pose of developing a method for finding the critical separations between the black holes in the
system. This was done by first analyzing a system of two black holes with different mass and find-
ing the critical separation for each mass ratio. The result was a table that was used to predict the
critical separations for systems of N black holes, represented as a system of two black holes. This
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proved to be a good method for finding a first guess of these critical separations. The errors ob-
tained when comparing the actual critical separation to the one predicted by the table were around
20% to 40%. Although at first glance this errors seem large, when confronted with a system of
N black holes, knowing whether to look for a common apparent horizon or individual apparent
horizons makes a big difference on computational time.
Our next step was to consider a black hole ring. This was motivated by papers which suggested
the existence of event horizons of toroidal topology in rotating clusters with toroidal topology. The
equations used to find the apparent horizon for the system of N black holes were adapted using
a conformal factor that takes into account the circular shape of the ring singularity. We vary its
mass, while keeping its radius constant, and computed its apparent horizon. The results were
apparent horizons with the topology of an oblate spheroid. A certain mass was attained that did
not allowed the formation of any spherical apparent horizon suggesting that the actual shape is
toroidal and therefore not predictable by the algorithm. Using the data obtained we constructed a
table that relates the mass of the black hole ring to the ratio of the minor radius to major radius of
the apparent horizon. Using this information we extrapolated the mass that corresponds to a radius
ratio equal to zero, thus suggesting that this critical mass will correspond to a black hole ring with
a toroidal event horizon. Since there is an inverse relation between the mass and radius of the ring
we can alternatively, for a fixed mass of 1, find the critical radius of the ring which in this case is
20/(3pi) ≈ 2.12 M. Future work might make use of flow algorithms to find the apparent horizon
of this ring to confirm our results.
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Appendix A: Apparent horizons for black
hole rings
The following are the results obtained when finding the apparent horizon for a ring singularity.
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit i R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a un t.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
2
6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We defin the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
a f ab+ ba = 1 and a3 = a, show that a2 = 1.
b If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
2
Figure 4.1: Apparent Horizon for masses m = 0.17, 0.18, 0.19, 0.20
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
2
6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We d fine the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = .19
m = 0.18
0 17
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the following assume R is a ring with 1 (unity).
(a If ab+ ba = 1 an a3 = a, show that a2 = 1.
b f ab = a and ba = b, show that a and b are idempotent.
(c If a $= b satisfy 3 = b3 nd a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
2
Figure 4.2: Apparent Horizon for masses m = 0.30, 0.40, 0.50, 0.60
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6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the follo ing assume R is ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
2
6. Give a ring (R,+, ·) with identity, define new operations ⊕ and " on R by
a⊕ b = a+ b− 1 and a" b = a+ b− ab
Show that (R,⊕,") is a ring and the zero element of (R,+, ·) is the identity element of (R,⊕,")
and vice versa.
7. For the f llowing a sume R is a ring with 1 (unity).
(a) If ab+ ba = 1 and a3 = a, show that a2 = 1.
(b) If ab = a and ba = b, show that a and b are idempotent.
(c) If a $= b satisfy a3 = b3 and a2b = ab2, show that a2 + b2 is NOT a unit in R.
(d) If a, b and a + b are all units in R. Show that a−1 + b−1 is also a unit and find its
(multiplicative) inverse.
(e) Let a, b ∈ R. Show that 1 + ab is a unit if and only if 1 + ba is a unit.
8. Let S be some non-empty set and let P(S) be its power set. We define the following operations
on P(S)
A+B = (A−B) ∪ (B −A) and A ·B = A ∩B
(a) Show that
(
P(S),+, ·
)
is a ring.
(b) Does it have an identity? What are the units?
(c) Is it commutative?
(d) Show that it is a Boolean ring (see Q50, pg 243 for the definition)
m = 1.00
m = 0.80
m = 0.60
m = 0.50
m = 0.40
m = 0.30
m = 0.20
m = 0.19
m = 0.18
m = 0.17
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Figure 4.3: Apparent Horizon for masses m = 0.80, 1.00
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Appendix B: Data for systems of four and
five black holes
The first set of data was obtained when finding the apparent horizon for four symmetrically dis-
tributed black holes. The distance a represents the distance between the two inner black holes. The
distance b represents the distance between the outer black holes and the inner black holes. The sec-
ond set of data was obtained when finding the apparent horizon for five symmetrically distributed
black holes. The value a represents the distance between the middle black hole and the inner black
holes. The distance b represents the distance between the outer black holes and the inner black
holes.
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4 Black Holes same mass
(a/2 + b) : Is the location of the outermost Black Hole in the z axis.
a b a/2 +b a+b a b (a/2 +b)
1.1 1.724 2.274 2.824 1.25 1.653 2.278
1.15 1.701 2.276 2.851 1.26 1.649 2.279
1.2 1.678 2.278 2.878 1.27 1.644 2.279
1.25 1.653 2.278 2.903 1.28 1.639 2.279
1.3 1.629 2.279 2.929 1.29 1.634 2.279
1.35 1.603 2.278 2.953 1.3 1.629 2.279
1.4 1.577 2.277 2.977 1.31 1.624 2.279
1.45 1.55 2.275 3 1.32 1.619 2.279
1.5 1.522 2.272 3.022 1.33 1.614 2.279
1.55 1.492 2.267 3.042 1.34 1.609 2.279
1.6 1.459 2.259 3.059 1.35 1.603 2.278
1.65 1.425 2.25 3.075
1.7 1.389 2.239 3.089
1.75 1.349 2.224 3.099
1.8 1.307 2.207 3.107
1.85 1.264 2.189 3.114
1.9 1.219 2.169 3.119
1.95 1.17 2.145 3.12
2 1.12 2.12 3.12
2.1 1.018 2.068 3.118
2.2 0.912 2.012 3.112
2.3 0.805 1.955 3.105
2.5 0.588 1.838 3.088
2.6 0.481 1.781 3.081
2.7 0.374 1.724 3.074
2.8 0.27 1.67 3.07
2.9 0.166 1.616 3.066
Figure 4.4: Data obtained for a system of 4 black holes
38
5 Black Holes same mass
a b a+b (1/6)(2a+b) a b a+b (1/6)(2a+b)
0.3 2.603 2.903 0.534 1.26 1.757 3.017 0.713
0.4 2.511 2.911 0.552 1.27 1.748 3.018 0.715
0.5 2.415 2.915 0.569 1.28 1.739 3.019 0.717
0.6 2.332 2.932 0.589 1.29 1.729 3.019 0.718
0.7 2.245 2.945 0.608 1.3 1.72 3.02 0.720
0.8 2.159 2.959 0.627 1.31 1.71 3.02 0.722
0.9 2.073 2.973 0.646 1.32 1.7 3.02 0.723
1 1.988 2.988 0.665 1.33 1.69 3.02 0.725
1.1 1.901 3.001 0.684 1.34 1.68 3.02 0.727
1.2 1.813 3.013 0.702 1.35 1.67 3.02 0.728
1.25 1.766 3.016 0.711 1.36 1.66 3.02 0.730
1.3 1.72 3.02 0.720 1.37 1.65 3.02 0.732
1.35 1.67 3.02 0.728 1.38 1.639 3.019 0.733
1.4 1.618 3.018 0.736 1.39 1.629 3.019 0.735
1.5 1.501 3.001 0.750 1.4 1.618 3.018 0.736
1.6 1.36 2.96 0.760
1.7 1.191 2.891 0.765
1.8 0.999 2.799 0.767
1.9 0.793 2.693 0.766
2 0.583 2.583 0.764
2.1 0.373 2.473 0.762
2.2 0.167 2.367 0.761
Figure 4.5: Data obtained for a system of 5 black holes
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Appendix C: Code used for finding
apparent horizons
For a detailed description of the NDSolve command from Mathematica, which was used to solve
the system of non linear ODE’s, please refer to :
http://reference.wolfram.com/mathematica/ref/NDSolve.html
The method used for the integration was an extrapolation method. This method was chosen
because, as explained in the Mathematica documentation, it is an arbitrary order method that has
automatic order and step size controls. The arbitrary order means that they can be arbitrarily faster
than fixed-order methods for very precise tolerances. A more detailed description of extrapolation
methods can be found in [6]. The submethod used is a linearly implicit Euler method (Also known
as backward Euler method). For more information the following website contains a complete de-
scription of the extrapolation method.
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http://reference.wolfram.com/mathematica/tutorial/NDSolveExtrapolation.html
N black holes: Code for finding apparent horizon
The following code is the one used to find the apparent horizon for a system of 4 black holes. Note
that the code can be adapted to accommodate black holes of different masses, (always keeping axial
symmetry) and to remove or add more black holes. The maximum step size used for the NDSolve
command was 0.01, the maximum number of steps allowed were 200,000 and the precision sought
was 16 digits.
Remove["Global`*"]
m = 1;
M = 1;
a = 1.94/2;
b = 1.94/2 + 1.181;
t = 10∧(−12);
ψ:=1 + mA[s]
2Sqrt[(A[s])∧3+(B[s]+aA[s])∧2] +
MA[s]
2Sqrt[(A[s])∧3+(B[s]−aA[s])∧2]+
MA[s]
2Sqrt[(A[s])∧3+(B[s]+bA[s])∧2] +
MA[s]
2Sqrt[(A[s])∧3+(B[s]−bA[s])∧2] ;
Tp:=− m(A[s])∧(7/2)
2((A[s])∧3+(B[s]+aA[s])∧2)∧(3/2) − M(A[s])
∧(7/2)
2((A[s])∧3+(B[s]−aA[s])∧2)∧(3/2)−
M(A[s])∧(7/2)
2((A[s])∧3+(B[s]+bA[s])∧2)∧(3/2) − M(A[s])
∧(7/2)
2((A[s])∧3+(B[s]−bA[s])∧2)∧(3/2) ;
Tz:=− m(B[s]+aA[s])(A[s])∧2
2((A[s])∧3+(B[s]+aA[s])∧2)∧(3/2) − M(B[s]−aA[s])(A[s])
∧2
2((A[s])∧3+(B[s]−aA[s])∧2)∧(3/2)−
M(B[s]+bA[s])(A[s])∧2
2((A[s])∧3+(B[s]+bA[s])∧2)∧(3/2) − M(B[s]−bA[s])(A[s])
∧2
2((A[s])∧3+(B[s]−bA[s])∧2)∧(3/2) ;
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Equa1:=A′[s]==
2Sin[F [s]A[s] ]
ψ∧4 ;
Equa2:=B′[s]==
Sqrt[A[s]]Cos[F [s]A[s] ]
ψ∧4 +
2
B[s]
A[s]
Sin[F [s]A[s] ]
ψ∧4 ;
Equa3:=F ′[s]==
Cos[F [s]A[s] ]
ψ∧4
(
1 + 4Sqrt[A[s]]Tp
ψ
)
− 4Sqrt[A[s]]TzSin[
F [s]
A[s] ]
ψ∧5 +
2
F [s]
A[s]
Sin[F [s]A[s] ]
ψ∧4 ;
tt = 100;
z = 2.74;
zstop = 2.7;
sol2 = NDSolve[{Equa1,Equa2,Equa3, A[0] == 2t, B[0] == 2tz, F [0] == Pit}, {A,B, F},
{s, 0, tt},Method→ {"Extrapolation",Method→ "LinearlyImplicitEuler"},
MaxStepSize→ 0.01,MaxSteps→ 200000,PrecisionGoal→ 16];
AA = A/.sol2[[1]];
BB = B/.sol2[[1]];
sol3 = FindRoot[BB[s] == 0, {s, 60}];
x = Abs[s/.sol3];
dp = AA′[x]/(2Sqrt[AA[x]]);
DD = {dp};
h = {z};
xx = {x};
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Clear[AA,BB];
For[i = 1, (dp > 0)&&(z ≥ zstop), i++,
z = z − 0.01;
sol2 = NDSolve[{Equa1,Equa2,Equa3, A[0] == 2t, B[0] == 2tz, F [0] == Pit}, {A,B, F},
{s, 0, tt},Method→ {"Extrapolation",Method→ "LinearlyImplicitEuler"},
MaxStepSize→ 0.01,MaxSteps→ 200000,PrecisionGoal→ 100];
AA = A/.sol2[[1]];
BB = B/.sol2[[1]];
sol3 = FindRoot[BB[s] == 0, {s, 60}];
x = Abs[s/.sol3];
dp = AA′[x]/(2Sqrt[AA[x]]);
DD = Append[DD, dp];
h = Append[h, z];
xx = Append[xx, x];
Clear[AA,BB]; ]
mes::nopa = "No apparent horizon found";
If[TrueQ[z<=zstop],Message[mes::nopa]; True,
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k = Length[DD];
FA = Extract[DD, {k}];
FB = Extract[DD, {k − 1}];
zA = Extract[h, {k}];
zB = Extract[h, {k − 1}];
dz = Abs[(zA− zB)]/2;
zC = zA + dz;
sol2 = NDSolve[{Equa1,Equa2,Equa3, A[0] == 2t, B[0] == 2tzC, F [0] == Pit}, {A,B, F},
{s, 0, tt},Method→ {"Extrapolation",Method→ "LinearlyImplicitEuler"},
MaxStepSize→ 0.01,MaxSteps→ 200000,PrecisionGoal→ 100];
AA = A/.sol2[[1]];
BB = B/.sol2[[1]];
sol3 = FindRoot[BB[s] == 0, {s, 60}];
x = Abs[s/.sol3];
FP = AA′[x]/(2Sqrt[AA[x]]);
Clear[AA,BB];
For[j = 1, j<=100&&Abs[FP]>=10∧(−6), j++
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If[FP ∗ FA < 0,
zA = zA; zB = zC; FA = FA; FB = FP,
zA = zC; zB = zB; FA = FP; FB = FB];
dz = Abs[zA− zB]/2;
zC = zA + dz;
sol2 = NDSolve[{Equa1,Equa2,Equa3, A[0] == 2t, B[0] == 2tzC, F [0] == Pit}, {A,B, F},
{s, 0, tt},Method→ {"Extrapolation",Method→ "LinearlyImplicitEuler"},
MaxStepSize→ 0.005,MaxSteps→ 200000,PrecisionGoal→ 100];
AA = A/.sol2[[1]];
BB = B/.sol2[[1]];
sol3 = FindRoot[BB[s] == 0, {s, 60}];
x = Abs[s/.sol3];
FP = AA′[x]/(2Sqrt[AA[x]]);
If[Abs[FP] ≤ 10∧(−6),
Print[zC];
p1 = Sqrt[A[s]/.sol2];
z1 = B[s]/A[s]/.sol2; ]
Clear[AA,BB]; ]
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False];
ParametricPlot[{{z1, p1}}, {s, 0, tt},PlotRange→ {{−3, 3}, {0, 2}}]
Black hole ring: first approximation to the apparent horizon
The following is the code used in Mathematica for finding a first approximation for the apparent
horizon of a black hole ring of mass 1. This code returns values for z and ρ that when plotted
provide the visual aid to determining the first approximation to the location of the apparent horizon.
The options used for the NDSolve command were a maximum step size of 0.1 and a maximum of
500,000 steps to achieve a precision sought was 16 digits. By changing the boundary conditions
and adding a subroutine of the Bisection Method (similar to the one used in the case of N balck
holes) this same code can be used to find a more accurate location of the apparent horizon.
ρo = 1;
ψψ = 1 +
A[s]∗2EllipticK
24− 4A[s]5/2ρo
B[s]2+A[s]∧2(
√
A[s]−ρo)
2
35
r
B[s]2+A[s]∧2
“√
A[s]−ρo
”2 +
A[s]∗2EllipticK
24 4A[s]5/2ρo
B[s]2+A[s]∧2(
√
A[s]+ρo)
2
35
r
B[s]2+A[s]∧2
“√
A[s]+ρo
”2
 ;
ψψρ =√A[s]
−2
“
ρo+
√
A[s]
”
A[s]5/2EllipticK
24 4ρoA[s]5/2
(ρo+
√
A[s])
2
A[s]2+B[s]2
35
(ρo2A[s]2+2ρoA[s]5/2+A[s]3+B[s]2)
3/2 +
(
(ρo2A[s]2 − A[s]3 +B[s]2)
(
EllipticE
[
4ρoA[s]5/2“
ρo+
√
A[s]
”2
A[s]2+B[s]2
]
−(
1− 4ρoA[s]5/2“
ρo+
√
A[s]
”2
A[s]2+B[s]2
)
EllipticK
[
4ρoA[s]5/2“
ρo+
√
A[s]
”2
A[s]2+B[s]2
]))/
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((
ρo2A[s]2 + 2ρoA[s]5/2 + A[s]3 +B[s]2
)3/2(
1− 4ρoA[s]5/2“
ρo+
√
A[s]
”2
A[s]2+B[s]2
))
+
2
“
ρo−
√
A[s]
”
A[s]5/2EllipticK
24− 4ρoA[s]5/2
(−ρoA[s]+A[s]3/2)
2
+B[s]2
35
“
(−ρoA[s]+A[s]3/2)2+B[s]2
”3/2 +(
(ρo2A[s]2 − A[s]3 +B[s]2)
(
EllipticE
[
− 4ρoA[s]5/2
(−ρoA[s]+A[s]3/2)2+B[s]2
]
−(
1 + 4ρoA[s]
5/2
(−ρoA[s]+A[s]3/2)2+B[s]2
)
EllipticK
[
− 4ρoA[s]5/2
(−ρoA[s]+A[s]3/2)2+B[s]2
]))/
(((−ρoA[s] + A[s]3/2)2 +B[s]2)3/2(1 + 4ρo√A[s]A[s]2
(−ρoA[s]+A[s]3/2)2+B[s]2
))))
;
ψψz =
−2B[s]A[s]
2EllipticK
24− 4A[s]5/2ρo
B[s]2+A[s]∧2(
√
A[s]−ρo)
2
35
„
B[s]2+A[s]∧2
“√
A[s]−ρo
”2«3/2 −
(
2B[s]A[s]2
(
EllipticE
[
− 4A[s]5/2ρo
B[s]2+A[s]∧2
“√
A[s]−ρo
”2
]
−(
1 + 4A[s]
5/2ρo
B[s]2+A[s]∧2
“√
A[s]−ρo
”2
)
EllipticK
[
− 4A[s]5/2ρo
B[s]2+A[s]∧2
“√
A[s]−ρo
”2
]))/
((
B[s]2 + A[s]∧2
(√
A[s]− ρo
)2)3/2(
1 + 4A[s]
5/2ρo
B[s]2+A[s]∧2
“√
A[s]−ρo
”2
))
−
2B[s]A[s]2EllipticK
24 4A[s]5/2ρo
B[s]2+A[s]∧2(
√
A[s]+ρo)
2
35
„
B[s]2+A[s]∧2
“√
A[s]+ρo
”2«3/2 −(
2B[s]A[s]∧2
(
EllipticE
[
4A[s]5/2ρo
B[s]2+A[s]∧2
“√
A[s]+ρo
”2
]
−(
1− 4A[s]5/2ρo
B[s]2+A[s]∧2
“√
A[s]+ρo
”2
)
EllipticK
[
4A[s]5/2ρo
B[s]2+A[s]∧2
“√
A[s]+ρo
”2
]))/
((
B[s]2 + A[s]∧2
(√
A[s] + ρo
)2)3/2(
1− 4A[s]5/2ρo
B[s]2+A[s]∧2
“√
A[s]+ρo
”2
)))
;
Equa1:=A′[s]==
2Sin[F [s]A[s] ]
ψψ∧4 ;
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Equa2:=B′[s]==
Sqrt[A[s]]Cos[F [s]A[s] ]
ψψ∧4 +
2
B[s]
A[s]
Sin[F [s]A[s] ]
ψψ∧4 ;
Equa3:=F ′[s]==
Cos[F [s]A[s] ]
ψψ∧4
(
1 + 4Sqrt[A[s]]ψψρ
ψψ
)
+
Sin[F [s]A[s] ]
ψψ∧4
(
2F [s]
A[s]
− 4Sqrt[A[s]]ψψz
ψψ
)
;
tt = 1000;
t = 10∧(−5);
pp = 6.111;
p = (pp)∧2;
sol1 = NDSolve[{Equa1,Equa2,Equa3, A[0]==p,B[0] == 0, F [0] == 0}, {A,B, F}, {s, 0,tt},
Method→ {"Extrapolation",Method→ "LinearlyImplicitEuler"},
MaxStepSize→ 0.1,MaxSteps→ 500000,PrecisionGoal→ 16];
z1 = (B[s]/A[s])/.sol1;
p1 = Sqrt[A[s]]/.sol1;
g = {{p1,z1}};
Clear[p1,z1];
For[i = 1, i < 5, i++,
pp = pp + 0.1;
p = (pp)∧2;
sol1 = NDSolve[{Equa1,Equa2,Equa3, A[0]==p,B[0] == 0, F [0] == 0}, {A,B, F}, {s, 0,tt},
Method→ {"Extrapolation",Method→ "LinearlyImplicitEuler"},MaxStepSize→ 0.1,
MaxSteps→ 1000000,PrecisionGoal→ 16];
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z1 = (B[s]/A[s])/.sol1;
p1 = Sqrt[A[s]]/.sol1;
gg = {p1,z1};
g = Append[g,gg];
Clear[p1,z1]; ]
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